We introduce the notion of (nondegenerate) strongly-modular fusion algebras. Here strongly-modular means that the fusion algebra is induced via Verlinde's formula by a representation of the modular group Γ = SL(2, Z) whose kernel contains a congruence subgroup. Furthermore, nondegenerate means that the conformal dimensions of possibly underlying rational conformal field theories do not differ by integers. Our main result is the classification of all strongly-modular fusion algebras of dimension two, three and four and the classification of all nondegenerate stronglymodular fusion algebras of dimension less than 24. We use the classification of the irreducible representations of the finite groups SL(2, Z p λ ) where p is a prime and λ a positive integer. Finally, we give polynomial realizations and fusion graphs for all simple nondegenerate strong-modular fusion algebras of dimension less than 24.
Introduction
In the last ten years there have been several attempts for the classification of rational conformal field theories (RCFTs). However, a complete classification seems to be an impossible task since, for example, all self dual double even lattices lead to RCFTs and there is no hope to classify all such lattices of rank greater than 24. Nevertheless, it might be possible to classify all RCFTs with "small" effective central chargec. The effective central charge is given by the difference of the central charge and 24 times the smallest conformal dimension of the rational model under consideration. In particular, forc ≤ 1 a classification of RCFTs can be obtained by using a theorem of Serre-Stark describing all modular forms of weight 1/2 on congruence subgroups if one assumes that the corresponding conformal characters are modular functions on a congruence subgroup.
Forc > 1 only partial results have been obtained so far. One of the possibilities is to look at RCFTs where the corresponding fusion algebra has a "small" dimension. In the special case of a trivial fusion algebra the RCFT has only one superselection sector and a classification of the corresponding modular invariant partition functions for unitary theories with c ≤ 24 has been obtained [1] . As a next step in the classification one can try to classify the nontrivial fusion algebras of low dimension first and then investigate corresponding RCFTs. Indeed, the modular fusion algebras of dimension less than or equal to three satisfying the so-called Fuchs conditions have been classified (see e.g. [2, 3] ). In this paper we develop several tools, following the ideas of ref. [4] , which enable us to classify all strongly-modular fusion algebras of dimension less than or equal to four (for a definition of strongly-modular fusion algebras see §2). Our approach is based on the known classification of the irreducible representations of the groups SL(2, Z p λ ) [5] .
Another possibility is to investigate theories where the corresponding fusion algebra has a certain structure but may have arbitrary or "big" dimension. Here, a classification of all selfconjugate fusion algebras which are isomorphic to a polynomial ring in one variable where the distinguished basis has a certain form and where the structure constants are less than or equal to one has been obtained (see e.g. [3] 1 ). Furthermore, a classification of all fusion algebras which are isomorphic to a polynomial ring in one variable and where the quantum dimension of the elementary field is smaller or equal to 2 is known (this classification contains the fusion algebras occurring in the classification of ref. [3] ; for a review see e.g. [6] ). With the tools developed in this paper we obtain another partial classification, namely of those strongly-modular fusion algebras of dimension less than 24 where the corresponding representation ρ of the modular group is such that ρ(T ) has nondegenerate eigenvalues. The nondegeneracy of the eigenvalues of ρ(T ) means that the difference of any two conformal dimensions of a possibly underlying RCFT is not an integer. The restriction on the dimension is of purely technical nature so that it should be possible to obtain a complete classification of all nondegenerate strongly-modular fusion algebras with the methods described in this paper by using systematically Galois theory. This paper is organized as follows: In §2 we recall some basic properties of rational conformal field theories and give definitions of the relevant types of fusion algebras. Section 3 contains some general theorems about representations of the modular group which factor through a congruence subgroup. In the next section we give a short review about the classification of the irreducible representations of SL(2, Z p λ ) which will be the main tool in the proof of the theorems in §5. The main results of this paper are contained in §5. Here we classify all strongly-modular fusion algebras of dimension less than or equal to four and the nondegenerate stronglymodular fusion algebras of dimension less than 24. Finally, we summarize our results and point out some open questions in the conclusion. Two appendices contain the explicit form of the irreducible level p λ representations of dimension less than or equal to four as well as the fusion matrices and graphs of the simple nondegenerate strongly-modular fusion algebras of dimension less than 24.
Rational conformal field theories and fusion algebras

Basic definitions.
Consider a chiral rational conformal field theory (or rational model) R consisting of a symmetry algebra W and its finitely many inequivalent irreducible modules H i (i = 0, . . . , n − 1), i.e. R is a rational vertex operator algebra (RVOA) satisfying Zhu's finiteness condition (for RVOA see e.g. [7, 8] and for the connection of RVOA to W-algebras and rational models see [9] ). Here H 0 denotes the vacuum representation. For modules H of W there is the notion of conjugate (or adjoint or dual) modules H ′ . In particular, it is conjectured that one has (H ′ ) ′ ∼ = H. Since R is rational the conjugation defines a permutation π of order two of the irreducible modules H ′ i ∼ = H π(i) .
The structure constants N k i,j of the "fusion algebra" associated to R are given by the dimension of the corresponding space of intertwiners of the modules H i ⊗ H j and H k (for a definition of intertwiners of modules of vertex operator algebras see e.g. [8] ). One of the important properties of the N k i,j which is well known in the physical literature is the fact that the numbers N k i,j can be viewed as the structure constants of an associative commutative algebra, the fusion algebra. In the terminology of vertex operator algebras a corresponding statement is proven under certain assumptions in a recent series of papers [10] . In the abstract definition of fusion algebras the properties of all known examples associated to RCFTs are collected.
Definition. A fusion algebra F is a finite dimensional algebra over Q with a distinguished basis Φ 0 = 1I, . . . , Φ n−1 (n = dim(F )) satisfying the following axioms:
(1) F is associative and commutative. Remarks. An isomorphism φ of two fusion algebras F , F ′ is an isomorphism of unital algebras which maps the distinguished basis to the distinguished basis, i.e. there exists a permutation σ ∈ S n such that φ(Φ i ) = Φ ′ σ(i) (i = 0, . . . , n − 1). The tensor product of two fusion algebras F and F ′ is again a fusion algebra, its distinguished basis is given by
. The permutation π of order two is called charge conjugation. Fusion algebras with trivial charge conjugation are called selfconjugate.
Note that it is an open question whether two nonisomorphic fusion algebras can be isomorphic as unital algebras.
It is known in many cases that fusion algebras arising from RCFTs have additional properties. One of these additional properties is their relation to conformal characters. The conformal characters χ i of the modules H i of W are formal power series in q defined by
where L 0 is the 0-th Fourier mode of the chiral energy-momentum tensor and c is the central charge or the rank of the RVOA. One can show for rational vertex operator algebras satisfying Zhu's finiteness condition [11] that the characters become holomorphic functions in the upper complex half plane by setting q = e 2πiτ .
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characters is invariant under the action of the modular group Γ = SL(2, Z). Indeed, it is conjectured that Zhu's finiteness condition is not necessary at all. It was conjectured in 1988 by E. Verlinde [12] that for any rational model there exists a representation ρ : Γ → GL(n, C) of Γ such that
We will refer to this formula as "Verlinde's formula" in the following. The above conjecture motivates the definition of modular fusion algebras.
Definition. A modular fusion algebra (F , ρ) is a fusion algebra F together with a unitary representation ρ : SL(2, Z) → GL(n, C) satisfying the following additional axioms:
(1) ρ(S) is a symmetric and ρ(T ) is a diagonal matrix.
where N k i,j (i, j, k = 0, . . . , n − 1) are the structure constants of F with respect to the distinguished basis.
Remarks.
Note that property (3) already implies that F is associative and commutative. Two modular fusion algebras (F , ρ) and (F ′ , ρ ′ ) are called isomorphic if: 1) F and F ′ are isomorphic as fusion algebras, 2) ρ and
where σ ∈ S n is the permutation defined by the isomorphism of the fusion algebras.
The tensor product of two modular fusion algebras (
and is again a modular fusion algebra. A (modular) fusion algebra is called composite if it is isomorphic to a tensor products of two nontrivial (modular) fusion algebras. Here a (modular) fusion algebra is called trivial if it is one dimensional. A noncomposite (modular) fusion algebra is also called simple.
Note that for a modular fusion algebra with trivial charge conjugation (ρ(S 2 ) = 1I) the matrix ρ(S) is real.
For modular fusion algebras associated to rational models the eigenvalues of ρ(T ) are given by the conformal dimensions h i (i = 0, . . . , n − 1) of the irreducible modules H i (h i is the smallest L 0 eigenvalue in the module H i ) and the central charge c of the theory:
Quite often nonisomorphic modular fusion algebras are isomorphic as fusion algebras.
In the later sections we will investigate which representations of Γ are related to
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Definition. A representation ρ : SL(2, Z) → GL(n, C) of the modular group is called conformally admissible or simply admissible if there exists a fusion algebra F such that (F , ρ) is a modular fusion algebra.
It is known that modular fusion algebras associated to rational models have many additional properties. In particular, the central charge and the conformal dimensions are rational [13, 14] . Furthermore, compatibility conditions between the central charge c, the conformal dimensions h i and the fusion coefficients N k ij (the so-called Fuchs conditions) are satisfied (see e.g. [2] or [3] 2 ):
However, in this paper we will not make any use of these properties. Instead we will extensively rely on the observation that in all known examples of RCFTs the conformal characters are modular functions on some congruence subgroup of Γ. Therefore, the corresponding representation ρ factors through a representation of Γ N . Here we have used Γ N for the principal congruence subgroup of Γ of level
Definition. A modular fusion algebra (F , ρ) is called strongly-modular if the kernel of the representation ρ contains a congruence subgroup of Γ.
In this case ρ defines a representation of SL(2, Z N ) and is called a level N representation of Γ (here and in the following we use Z N for Z/N Z). A level N representation ρ will be called even or odd if ρ(S 2 ) = 1I or ρ(S 2 ) = −1I, respectively. Furthermore, one can show that for strongly-modular fusion algebras associated to rational models the representation ρ is defined over the field K of N -th roots of unity, i.e. ρ : Γ → GL(n, K) if the corresponding conformal characters are modular functions on some congruence subgroup [9] . Indeed, we expect that this is true for all RCFTs what motivates the following definition and conjecture.
Definition. A level N representation ρ : SL(2, Z) → GL(n, C) is called K-rational if it is defined over the field K of the N -th roots of unity, i.e. ρ : SL(2, Z) → GL(n, K).
Conjecture. All modular fusion algebras associated to rational models are stronglymodular fusion algebras and the corresponding representations of the modular group are K-rational. In this section we prove some simple lemmas about modular fusion algebras which will be needed in the proofs of the main theorems in §5. Lemma 1. Let (F , ρ) be a modular fusion algebra. Assume that ρ(T ) has nondegenerate eigenvalues. Then ρ is irreducible.
Proof. Assume that ρ is reducible and ρ(T ) has nondegenerate eigenvalues. Then ρ(S) has block diagonal form and therefore ρ(S) 0,m = 0 for some m. This is a contradiction to property (3) 
Proof. Since ρ and ρ ′ are equivalent there exists a matrix Proof. The lemma follows directly from the definition of (modular) fusion algebras and Lemma 2. Proof. If ρ is the direct sum of one dimensional representations ρ(S) is also a diagonal matrix. This implies that one cannot apply Verlinde's formula giving a contradiction since we have assumed that (F , ρ) is a modular fusion algebra.
Since there are exactly 12 one dimensional representations of Γ one has the following trivial lemma.
Lemma 5.
(1) Let ρ be a one dimensional representation of Γ. Then ρ is equivalent to one of the following representations
(2) Let (F , ρ) be a one dimensional modular fusion algebra. Then (F , ρ) is strongly-modular, F is trivial and ρ is given by
, n = 0, . . . , 5.
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Lemma 6. Let (F , ρ) be a strongly-modular fusion algebra associated to a rational model. Then ρ is K-rational.
Proof. For a rational vertex operator algebra satisfying Zhu's finiteness condition the characters are holomorphic functions on the upper complex half plane. Since we have assumed that (F , ρ) is strongly-modular ρ is a level N representation for some N . This implies that the characters are modular functions on Γ N . Moreover, their Fourier coefficients are positive integer so that one can apply the theorem on K-rationality of ref. [9] implying that ρ is K-rational.
Although Lemma 6 will not be used in the following it provides us with a good motivation for looking at K-rationality of level N representations.
Some theorems on level N representations of Γ
In this section we will consider level N representations of SL(2, Z). Firstly, we review that all irreducible representations of SL(2, Z N ) can be obtained by those of SL(2, Z p λ ) where p is a prime and λ is a positive integer. Secondly, we discuss the construction of level p λ representations using Weil representations (in this part we follow ref. [5] ). is the prime factor decomposition of N , can be seen as follows. For a proof of the second statement note that
where N = n j=1 p λ j j (see e.g. [15] ). Obviously, the tensor product of irreducible representations π(p
) is an irreducible representation of SL(2, Z N ).
Using now Burnside's lemma we obtain the second statement.
In order to deal with the representations of the groups SL(2, Z p λ ) we describe their structure by the following theorem. 
and the relations
We will now describe the construction of representations of SL(2, Z p λ ) by means of Weil representations.
Definition. A finite Z p λ module M together with a quadratic form Q is called a quadratic module of Z p λ .
Definition. Let (M, Q) be a quadratic module. Define a right action of SL(2, Z p λ ) on the space of C valued functions on M by
where |M | denotes the order of M ,
and f is any C valued function on M . If this right action of SL(2, Z p λ ) defines a representation of SL(2, Z p λ ) it is called the Weil representation associated to the quadratic module (M, Q) and denoted by W (M, Q).
Note that the above right action always defines a projective representation of Γ. A necessary and sufficient condition for it to define a proper representation is given by the following theorem. 
The classification of the irreducible level p λ representations
Although the classification of the irreducible representations of the finite groups SL(2, Z p λ ) is contained in [5] we will give a short review here. Our main motivation for this is the fact that we will strongly rely on this classification in the proofs of the main theorems in §5. Furthermore, ref. [5] is not written in English but in German.
In the first subsection we describe how one can obtain irreducible level p λ representations as subrepresentations of Weil representations. The second and third subsection are used to give complete lists of the corresponding representations for the cases of p = 2 and p = 2, respectively.
In addition to the review we investigate in some cases whether the irreducible representations are K-rational or not.
Weil representations associated to binary quadratic forms.
Most of the irreducible representations of SL(2, Z p λ ) can be obtained as subrepresentations of Weil representations W (M, Q) associated to a module M of rank one or two. The following two theorems describe the Weil representations needed in the later sections. 
where r, t run through {1, u} with ( 
where σ = 0, . . . , λ − 2, where (r, t) run through a system of representatives of the classes of pairs defined by (r 1 ,
and where the last column contains the name of the corresponding Weil representation.
All irreducible representations of SL(2, Z p λ ) can be obtained as subrepresentations of Weil representations W (M, Q). One possibility to extract subrepresentations of such representations is to use characters of the automorphism group of the quadratic form Q:
Theorem 5 (see e.g. [5] ). Let W (M, Q) be a Weil representation described by Theorem 3 or 4, U an abelian subgroup of Aut(M, Q) and χ a character of U. Then the subspace
Remarks.
(a) The space
The automorphism group of the quadratic forms in Theorem 4 contain a conjugation κ: κ(x 1 , x 2 ) = (x 2 , x 1 ) in case (1) and κ(x 1 , x 2 ) = (x 1 , −x 2 ) in the cases (2) and (3). In these cases the space
From now on we will denote the trivial character χ ≡ 1 by χ 1 . Indeed, almost all irreducible representations of SL(2, Z p λ ) can be obtained as subrepresentations of the Weil representations described by Theorems 3 and 4 using "primitive" characters:
) be a Weil representation described by Theorem 3 or 4 and let U = Aut(M, Q). A character χ of U is called primitive iff there exists an element ǫ ∈ U with χ(ǫ) = 1 such that each element of pM is a fixed point of ǫ. The set of primitive characters of U will be denoted by P.
With this definition we have:
be Weil representation described by Theorem 3 or 4 and χ, χ ′ primitive characters. Then one has
isomorphic if and only if the quadratic modules (M, Q) and (M
The second main theorem of ref. [5] describes the classification of the irreducible representations of SL(2, Z p λ ). Complete lists of irreducible representations of SL(2, Z p λ ) will be given in §4.2 and §4.3.
The irreducible representations of
In the classification of the irreducible representations of SL(2, Z p λ ) for p = 2 one has to distinguish the cases λ = 1 and λ > 1. Therefore, we treat them separately.
Following [5] we denote the trivial representation by C 1 .
Theorem 8 [5] . A complete set of irreducible representations of SL(2, Z p ) for a prime p with p = 2 is given by the representations collected in Table 1 . In Table  1 
We will denote the 3 one dimensional level 3 representations C 1 , R 1 (1, χ −1 ) and R 1 (2, χ −1 ) by B 1 , B 2 and B 3 , respectively.
The explicit form of these representations is well known (see e.g. [4] ) and one can address the question which of these representations are K-rational (see also [9] ). Note that, in view of the results in §2.2, this question is natural in the context of admissible representations.
Lemma 8. Let p = 2 be a prime.
(1) For p ≡ 1 (mod 3) there is exactly one and for p ≡ 1 (mod 3) there is no
there is exactly one and for p ≡ 2 (mod 3) there is no
Proof. Using a character table for the above representations (see e.g. [16] ) one easily the field of p-th roots of unity only if p ≡ 1 (mod 3) or p ≡ 2 (mod 3) and if χ is a character of order 3. Therefore, there is at most one K-rational representation of type D 1 (χ) or N 1 (χ) for the corresponding values of p. Using the explicit form of these representations (see e.g. [4] ) one finds that these two representations are indeed K-rational. For the other two types of representations the K-rationality follows directly from the fact that χ ±1 takes values in ±1.
Theorem 9 [5] . A complete set of irreducible representations of SL(2, Z p λ ) for p = 2 prime and λ > 1 is given by the representations in Table 2 . Where χ −1 is the unique nontrivial character with values in ±1 and R λ (r, χ ±1 ) 1 is the unique level 
Lemma 9. Let p = 2 be a prime and λ > 1 an integer.
(1) The representations of type R σ λ (r, t, χ) are K-rational for p = 2 and λ > 1.
Furthermore, the image of T under these representations has nondegenerate eigenvalues only if p = 3 and λ = 2.
Proof. Since the automorphism group of the quadratic form of R σ λ (r, t, χ) is given by [5, p. 495 ] U ∼ = Z 2 × Z p λ−σ we obtain (1). In the second case one obviously has U ∼ = Z 2 so that the K-rationality follows directly. The statement concerning the eigenvalues of the image of T for the representations of type R λ (r, χ ±1 ) 1 is proved in Satz 4 of [5] .
The classification of the irreducible representations of SL(2, Z 2 λ ) is complicated since there are a lot of exceptional representations for λ < 6 [5] . Since these representations have small dimensions and we will be interested in such representations in §5 we describe them in the rest of this subsection. The Tables 3-8 list complete sets of irreducible representations of the groups SL(2, Z 2 λ ) for the corresponding values of λ.
For λ = 1 there are only two irreducible representations (see Table 3 ). The representation C 2 is given by C 2 (S) = C 2 (T ) = −1 and both level 2 representations are K-rational.
For λ = 2 there are seven irreducible representations (see Table 4 ). The representation C 3 is given by
For λ = 3 there are 20 irreducible representations (see Table 5 ). Hereχ is one of the two characters of U of order 4 and the representation R 
For λ = 4 there are 46 irreducible representations (see Table 6 ). Here the representation R 2 4 (r, 3, χ 1 ) 1 is given by the equality R 
For λ = 5 there are 92 irreducible representations (see Table 7 ). Here for fixed r = 1, 3 the 2 irreducible representations of type R 2 5 (·, 1, χ) 1 (χ ∈ P) are given by the 2 two dimensional irreducible level 5 subrepresentations of R 2 5 (r, 1). 
(r, t, χ) ± χ ∈ P; r, t ∈ {1, 5} or 12 16 r = 1, 3 and t = 3, 7
For λ > 5 there are the following irreducible representations (see Table 8 ). Here χ are always primitive characters and R
(r, t, χ ±1 ) which has dimension 3 · 2 λ−4 . In this section we consider all two, three and four dimensional level N representations of Γ and investigate whether they are admissible.
Main theorem 1. Let (F , ρ) be a two dimensional strongly-modular fusion algebra. Then (F , ρ) is isomorphic to the tensor product of a one dimensional modular fusion algebra with one of the modular fusion algebras in Table 9 . Table 9 : Two dimensional strongly-modular fusion algebras 
)
Proof. Let (F , ρ) be a two dimensional strongly-modular fusion algebra. Lemma 4 implies that ρ is irreducible. Therefore, we have to consider all irreducible two dimensional representations of Γ which factor through a congruence subgroup. By Lemma 7 we know that these representations can be obtained by taking the tensor products of all irreducible two dimensional level p λ representations with all one dimensional representations of Γ.
There are exactly 11 inequivalent irreducible two dimensional level p λ representations. Their explicit form is given in Appendix A. We are interested in the classification of the two dimensional strongly-modular fusion algebras up to tensor products with one dimensional fusion algebras. Therefore, we can restrict our investigation to one of the two dimensional representations of level 2, Moreover, in all three cases both possible choices of the distinguished basis elements Φ 0 and Φ 1 lead to isomorphic fusion algebras. We conclude that the representation of the modular group given by a two dimensional strongly-modular fusion algebra is isomorphic to the tensor product of a one dimensional representation and N 3 (χ) 5) . Using that ρ(S 2 ) should be a matrix consisting of nonnegative integers one can determine the one dimensional representation of Γ up to an even one dimensional representation. Therefore, (F , ρ) is determined up to tensor products with one dimensional modular fusion algebras. The resulting representations and fusion algebras are collected in Table 9 .
Remark. The two fusion algebras in Table 9 are called Z 2 and "(2, 5)" fusion algebras, respectively. The first name is evident since this fusion algebra is isomorphic to the group algebra of Z 2 with the distinguished basis given by the group elements. We will call the fusion algebra given by the group algebra of Z N in the following Z N fusion algebra. The second name results from the fact that the Virasoro vertex operator algebra is rational for c = c(p, q) = 1−6 [17, 18] (these models are called Virasoro minimal models) and the corresponding fusion algebra are denoted by "(p, q)" fusion algebra. In particular the "(2, 5)" fusion algebra is isomorphic to the fusion algebra in the second row of Table 9 .
Main theorem 2. Let (F , ρ) be a three dimensional strongly-modular fusion algebra. Then (F , ρ) is isomorphic to the tensor product of a one dimensional modular fusion algebra with one of the modular fusion algebras in Table 10 .
Proof. Let (F , ρ) be a three dimensional strongly-modular fusion algebra. By Lemma 7, ρ is either irreducible or isomorphic to a sum of a two dimensional and a one dimensional irreducible representation. We will now consider these two cases separately.
Firstly, assume that ρ is irreducible. By Lemma 7, ρ is isomorphic to the tensor product of a one dimensional representation and one of the three dimensional irreducible level p λ representations. There are exactly 33 inequivalent irreducible 3 dimensional level p λ representations. Their explicit form is given in Appendix A. We are interested in the classification up to tensor products with one dimensional modular fusion algebras. Therefore, we can restrict our investigation to a set of irreducible representations which are not related via tensor products with one dimensional representations. This means that we have to consider one representation of level 3 and 2 2 , two representations of level 5 and 7 and, finally, four representations of level 2
4 (see Appendix A).
For these representations the eigenvalues of the image of T are nondegenerate so that we can proceed now as in the proof of the Main theorem 1. Using Verlinde's formula for the representation N 1 (1, χ 1 ) (p = 3) we obtain 1 
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W. EHOLZER finds for R 1 (r, χ 1 ) (r = 1, 2; p = 5) that Here the different cases correspond to the different possible choices of the distinguished basis. We conclude that ρ cannot be isomorphic to a tensor product of a one dimensional representation and N 1 (1, χ 1 ) (p = 3) or R 1 (r, χ 1 ) (r = 1, 2; p = 5). Table 10 : Three dimensional strongly-modular fusion algebras Hence, ρ is isomorphic to a tensor product of a one dimensional representation with one of these 7 representations. Using that for a modular fusion algebra ρ(S 2 ) i,j equals N 0 i,j one can determine the possible one dimensional representations. The corresponding strongly-modular fusion algebras are contained in Table 10 in the second and third row.
Secondly, assume that ρ decomposes into a direct sum of two irreducible representations ρ ∼ = ρ 1 ⊕ ρ 2 with dim(ρ j ) = j. Then ρ 2 is isomorphic to the tensor product of a one dimensional representation with one of the two dimensional irreducible level p λ representations contained in Table A1 . Using Lemma 1 we conclude that ρ(T ) has degenerate eigenvalues so that ρ 2 (T ) must have an eigenvalue of the form e 2πi n 12 . Hence, ρ 2 cannot be isomorphic to the tensor product of a one dimensional representation and one of the two dimensional irreducible level 5 and 2 3 representations in Table A1 . Using once more that ρ(T ) has degenerate eigenvalues we obtain that ρ is isomorphic to the tensor product of a one dimensional representation with either N 1 (χ 1 ) ⊕ C j (j = 1, 2; p = 2) or N 1 (χ) ⊕ B j (j = 2, 3; p = 3). In order find out whether these four representations are admissible we have to look for distinguished bases.
Let us first consider the case ρ ∼ = C ⊗ (N 1 (χ) ⊕ B j ) (j = 2, 3; p = 3) where C is a one dimensional representation. Here ρ(S 2 ) has two different eigenvalues since N 1 (χ) is odd and the representations B j are even. Since the vacuum is selfconjugate, i.e. ρ(S 2 ) 00 = 1 the representation C has to be odd. Without loss of generality we choose C = C 4 for j = 2 and C = C 3 for j = 3. Furthermore, the fact that ρ(S 2 ) has two different eigenvalues implies that we must have
Using these two conditions it follows that in a basis in which ρ(S 2 ) has this form and ρ(T ) is diagonal we must have Applying now Verlinde's formula leads to a modular fusion algebra iff ǫ = 1 for both choices of the distinguished basis. The corresponding fusion algebra, ρ(S) and ρ(T ) are listed in the first row of Table 10 .
Finally, consider the case ρ ∼ = C ⊗ (N 1 (χ 1 ) ⊕ C j ) (j = 1, 2). Since N 1 (χ 1 ) (p = 2) and C j (j = 1, 2) are even ρ has to be even, too. Therefore, C is even and w.l.o.g.
ρ(S
2 ) = 1I and, therefore, ρ(S) is real (c.f. the second remark in §2). Plugging this in we find (up to permutation of the basis elements) that
where a, b ∈ R and a 2 + b 2 = 1. Using Verlinde's formula we obtain as conditions for ρ to be admissible
The first case implies that a 2 = , respectively. Inserting these values of a in the explicit form of ρ(S) above we indeed obtain modular fusion algebras if we choose the signs of a and b correctly. The resulting modular fusion algebras are contained in the third row of Table 10 . As fusion algebras they are of type "(3, 4)", also called Ising fusion algebra.
This completes the proof of the Main theorem 2. Table  11 .
Main theorem 3. Let (F , ρ) be a four dimensional strongly-modular fusion algebra. Then (F , ρ) is either isomorphic to the tensor product of 2 two dimensional strongly-modular fusion algebras or isomorphic to the tensor product of a one dimensional modular fusion algebra with one of the modular fusion algebras in
Proof. Let (F , ρ) be a strongly-modular fusion algebra. Then, by Lemma 4, we have the following possibilities for ρ:
(1) ρ is irreducible Assume that ρ is irreducible. Then ρ is either isomorphic to the tensor product of 2 two dimensional representations of coprime levels or it is isomorphic to the tensor product of a one dimensional representation with a four dimensional irreducible level p λ representation. In the first case we obviously have that ρ is only admissible iff both two dimensional representations are admissible (look at Table A1 ). In this case the corresponding modular fusion algebra is a tensor product of two fusion algebras contained in Table 9 . Let us now consider the other case, namely that ρ ∼ = C ⊗ ρ 1 where C is a one dimensional representation and ρ 1 is a four dimensional irreducible level p λ representation. In this case ρ 1 is given by one of the 9 representations in Table A3 . Note that for all of these representations the eigenvalues of the image of T are nondegenerate so that we can use the argumentation used in the proof of the Main theorem 1. For the representation N 1 (χ) (χ 3 ≡ 1; p = 5) we find by Verlinde's formula where again the different possibilities for ρ(T ) correspond to the different possible distinguished basis. This shows that ρ 1 cannot be isomorphic to this representation. Since the representation N 1 (χ) (χ 3 ≡ 1; p = 5) is isomorphic to the tensor product of the two different level 5 representations in Table A1 it is clear that this representation is admissible. Since the image of T under this representation has nondegenerate eigenvalues the corresponding modular fusion algebras are isomorphic to the tensor product of 2 two dimensional modular fusion algebras (as fusion algebras they are of type "(2, 5)").
Consider now the representations R 1 (r, χ 1 ) (r = 1, 2; p = 7). Here Verlinde's formula implies that
and , ·, ·) (n = 1, . . . , 4) so that this representation is also excluded. Consider now the representations R The basis element in the representation space corresponding to the ρ(T ) eigenvalue of order three cannot correspond to Φ 0 since in the corresponding row of ρ(S) contains a zero. Finally, the only remaining four dimensional irreducible level p λ representations that might lead to modular fusion algebras are those of type R 1 2 (r, 1, χ) (r = 1, 2; χ 3 ≡ 1; p λ = 3 2 ). Indeed, these representations lead to modular fusion algebras. To be more precise one has to consider the tensor product of an odd one dimensional representation with them because the R 1 2 (r, 1, χ) (χ 3 ≡ 1) are odd themselves. The corresponding fusion algebras are of type "(2, 9)" and the explicit form is given in Table 11 . The different modular fusion algebras result from the two different representations and the fact that the distinguished basis can be chosen in different ways.
ρ ∼ = ρ 1 ⊕ ρ 2 with dim(ρ 1 ) = 3, dim(ρ 2 ) = 1 Assume that ρ is isomorphic to the direct sum of a one dimensional and an irreducible three dimensional representation. Then one has ρ ∼ = C ⊗ (ρ 1 ⊕ D) where C and D are one dimensional representations and ρ 1 is one of the three dimensional irreducible level p λ representations in Table A2 . By Lemma 1 we know that ρ(T ) has degenerate eigenvalues. Therefore, ρ 1 is of type
. Consider first the representation N 1 (χ 1 ) (p = 3). In this case we can have D = B j (j = 1, 2, 3). Since B j and N 1 (χ 1 ) are even we can choose without loss of generality C = C 1 . Using Verlinde's formula we find that
3 , e 
up to conjugation with an orthogonal diagonal matrix, with a, b ∈ R and a 2 +b 2 = 1. With the explicit form of ρ(S) we find as conditions for ρ to be admissible
However, the only solutions that satisfy these two conditions are those a which equal
for an integer m and satisfy m 3 ≡ 0 mod 3m 2 − 1. It follows that m ≡ 0 mod 3m 2 −1 which gives a contradiction. Therefore, the representations N 1 (χ 1 )⊕ B j (p = 3) do not lead to modular fusion algebras.
Next we consider the representations R 1 (r, χ 1 ) (r = 1, 2; p = 5). In this case the one dimensional representation D has to be the trivial one. Since these two representations are even we can choose without loss of generality C = C 1 , too. Using that N 0 i,j = δ i,j we find that the matrix which describes the basis in the two dimensional eigenspace corresponding to the eigenvalue 1 of ρ(T ) is orthogonal. Furthermore, by looking at suitable N k i,j we find that there are only two possibilities for this matrix. In the corresponding basis we indeed find modular fusion algebra given by the tensor product of two modular fusion algebras of type "(2, 5)". That ρ is admissible can also be interfered from the equality R 1 (r,
Finally, we have to consider
we obtain a modular fusion algebra given by the tensor product of two Z 2 fusion algebras. This can also be seen by looking at the identity 4 we obtain Z 4 type fusion algebras (see Table 11 ). The other two representations (C 3 ⊗ D 2 (χ) + ⊕ C j (j = 3, 4)) are not admissible as one can easily check by applying Verlinde's formula.
Assume that ρ decomposes into a direct sum of 2 two dimensional irreducible representations. In this case we have ρ = C ⊗ (ρ 1 ⊕ D ⊗ ρ 2 ) where C and D are one dimensional representations and ρ 1 , ρ 2 are some level p λ representations contained in Table A1 . Since ρ is reducible we know that ρ(T ) has degenerate eigenvalues. This together with the parity of the representations in Table A1 implies that ρ equals (up to a tensor product with an even one dimensional representation) one of the following representations:
In all cases we have that ρ(S) is conjugate to a matrix of block diagonal form. More precisely, this matrix consists of two identical two by two matrices. A simple calculation shows now that conjugation of ρ(S) with a matrix which leaves ρ(T ) diagonal leads to a matrix which has at least one zero element in every row. This is a contradiction since we have assumed that ρ is admissible and one can apply Verlinde's formula.
2 one dimensional representations. Then, again by Lemma 1, ρ(T ) has degenerate eigenvalues and a simple parity argument shows that the only possibilities for ρ are (up to a tensor product with an even one dimensional representation):
where N 1 (χ 1 ) is the level 2 representation in Table A1 . We have to consider these two cases separately. Firstly, let ρ be conjugate to N 1 (χ 1 ) ⊕ C 1 ⊕ C 1 . Then the requirements that ρ(S) has to be symmetric and real and that ρ(T ) has to be diagonal imply that (up to permutation of the basis elements and conjugation with an orthogonal diagonal matrix):
where a, b, c ∈ R with a 2 + b 2 + c 2 = 1 and ρ(T ) = diag(−1, 1, 1, 1). Fixing the distinguished basis such that Φ 0 corresponds to the eigenvector of ρ(T ) with eigenvalue −1 we obtain
. The resulting structure constants indeed define a fusion algebra, namely the tensor product of two fusion algebras of type Z 2 . As a modular fusion algebra this fusion algebra is simple, i.e. it is not a tensor product of two nontrivial modular fusion algebras. The resulting modular fusion algebra is contained in Table 11 .
For the other choice of the distinguished basis where Φ 0 corresponds to an eigenvector ρ(T ) with eigenvalue 1 we find
where the basis was chosen such that ρ(T ) = diag(1, 1, 1, −1). Let now n := (N the other distinguished basis discussed above this modular fusion algebra is simple and contained in Table 11 . Secondly, assume that ρ is conjugate to
Requiring that ρ(S) is a symmetric real matrix and that ρ(T ) is diagonal implies (up to a permutation of the basis elements and conjugation with an orthogonal diagonal matrix)
where a, b, c, d ∈ R and a 2 +b 2 = 1, c 2 +d 2 = 1 and ρ(T ) = diag(1, 1, −1, −1). Using Verlinde's formula we obtain for the choice of the distinguished basis in which Φ 0 corresponds to the eigenvector of ρ(T ) with eigenvalue 1
For the other choice of the distinguished basis (Φ 0 corresponding to eigenvalue −1) one finds the same expressions with a and c exchanged.
Let n := (N By Lemma 11 in §5.2 below the only nonnegative integer solution of this equation is given by m = 0, n = 1. This is a contradiction to the explicit form of n and m in terms of a above. Hence the representation N 1 (χ 1 ) ⊕ C 1 ⊕ C 2 is not admissible. This proves the Main theorem 3.
Proof of two Lemmas on diophantic equations.
Lemma 10. Let n be a nonnegative integer, m a square of an integer and n, m solutions of
Proof. The equation can be written in the form
If n = m then m = n = 0. Otherwise, set t = m+2n m−n implying
If m and n are integral then also t has to be integral (any prime factor of the denominator of t would divide the denominator of m and n).
None of the resulting 12 possibilities leads to a nonnegative integer solution of n, m where m = n and m is a square. Then m = 0, n = 1.
Proof. Set k = m − n + 4, then the equation is equivalent to
If k = 0 then n = 0 and m = −4 is not a square. Otherwise, the equation is equivalent to
where t = n k . This equation has discriminant (1 + 18t + t 2 )(1 − 7t + 11t 2 ) 2 and this must be a square. Setting
with coprime p, q and q > 0) we get
Hence, using the quadratic equation in k we finally have
The parametrization of n implies that p = ±1 and, furthermore, that q 3 ≡ 0 mod (2q − p). Therefore, we have p 3 ≡ 0 mod (2q − p) so that 2q − p = ±1. From the resulting four possiblities only p = q = 1 satisfies the desired properties and leads to m = 0, n = 1.
Remark. Note that the proof of Lemma 10 and Lemma 11 relies essentially on the fact that the curves defined by the two above equations are rational. I would like to thank D. Zagier for discussion on the two lemmas [19] .
5.3 Classification of the nondegenerate strongly-modular fusion algebras with dimension less than 24.
In this section we classify all strong modular fusion algebras (F , ρ) of dimension less than 24 for which ρ(T ) has nondegenerate eigenvalues. The main tool used in the proof is the classification of the irreducible representations of the groups SL(2, Z p λ ) described in section 4.
Main theorem 4. Let (F , ρ) be a simple nondegenerate strongly-modular fusion algebra. Furthermore, assume that the dimension of F is less than 24. Then ρ is isomorphic to the tensor product of an even one dimensional representation Q[x]/ < P (x) > with distinguished basis p j (x) (j = 0, . . . , n − 1). Here P and p j are the unique polynomials satisfying
where the (N 1 ) j,k := N k 1,j are the fusion matrices given in Appendix B. Table 12 : Simple nondegenerate strongly-modular fusion of dimension less than 24 (q is a prime satisfying q < 47)
Remark. For all fusion algebras in Table 12 apart from B 9 there indeed exist RCFTs where the associated fusion algebras are isomorphic to the ones in Table 12 : The fusion algebra in the first row occurs in the so-called Z 2 model, the ones in row 2, 3 and 4 in the corresponding Virasoro minimal models (see also the remark at the end of the Main Theorem 1) and, finally, the ones in row 6, 7, 8 and 9 occur as fusion algebras of certain rational models, so-called minimal models of Casimir Walgebras, namely for WB 2 and c = − and WE 7 and c = − 3164 23 [4] . The fusion algebras of type B 9 seems to be related to WB 2 and c = −24. However, in this case the model is not rational.
Proof. Let (F , ρ) be a simple nondegenerate strongly-modular fusion algebra of dimension less than 24. Lemma 1 implies that ρ is irreducible. Furthermore, since (F , ρ) is strongly-modular we have to consider all irreducible representations of SL(2, Z N ) of dimension less than 24. Since (F , ρ) is simple and nondegenerate simple Lemma 7 shows that we can restrict our investigation to irreducible representations of SL(2, Z p λ ). Once again, since (F , ρ) is nondegenerate we can follow the line of reasoning in the proof of the Main theorem 1.
Therefore, we can directly apply Verlinde's formula to any such matrix representationρ and look whether the resulting coefficients N numbers N k i,j do not have integer absolute values we can conclude that there exists no nondegenerate strongly-modular fusion algebra (F , ρ) where ρ is conjugate to the tensor product of a one dimensional representation of Γ andρ. We have investigated this for all irreducible representations of SL(2, Z p λ ) of dimension less than 24 by constructing them explicitly 5 . The proof of the theorem will consist of three separate cases: We consider representations of SL(2, Z p ) and SL(2, Z p λ ) and SL(2, Z 2 λ ) separately.
Firstly, let ρ be isomorphic to a tensor product of a one dimensional representation and an irreducible representationρ of SL(2, Z p ) (p = 2). Note that this case was already discussed in [4] .
For the representations of type D 1 (χ) the matrix ρ(T ) has degenerate eigenvalues so that we can leave out this type of representation.
For the representations of type N 1 (χ) we find modular fusion algebras only for p = 5, 11, 17 and 23 and χ 3 ≡ 1. For p = 5 the modular fusion algebra is not simple but equals the tensor product of two modular fusion algebras where the corresponding fusion algebras are of type "(2, 5)" (cf. also the proof of the Main theorem 3). The modular fusion algebras corresponding to p = 11, 17, 23 are contained in the last three rows of Table 12 . As was already mentioned in [4] these four representations are probably the only admissible ones of type N 1 (χ). However, we do not have a proof of this statement but numerical checks show that there is no other admissible representation of this type for p < 167 [4] .
The representations of type R 1 (r, χ 1 ) and N 1 (χ 1 ) do not lead to modular fusion algebras [4] .
For allρ of type R 1 (r, χ −1 ) we obtain modular fusion algebras. Here ρ ∼ = (C 4 ) p+1 2 ⊗R 1 (r, χ −1 ) is admissible for all odd primes p. The corresponding modular fusion algebras are of type "(2, p)". They are contained in the third row of Table 12 .
Secondly, let ρ be isomorphic to a tensor product of a one dimensional representation and a irreducible representationρ of SL(2, Z p λ ) (p = 2, λ > 1).
For the representations of type D λ (χ) the matrix ρ(T ) has degenerate eigenvalues excluding these representations from our investigation.
The only representations of type N λ (χ) which have dimension less than 24 are those corresponding to (p = 3; λ = 2, 3) and (p = 5; λ = 2). A calculation shows that exactly one of these representations leads to a modular fusion algebra. This is the representation with (p = 3; λ = 2) and χ 3 ≡ 1. The corresponding stronglymodular fusion algebra is contained in Table 12 .
Only those representations of type R σ λ (r, t, χ) and R λ (r, χ ±1 ) 1 with (p = 3; λ = 2, 3) or (p = 5; λ = 2) have dimension less than 24. The representations R 1 2 (r, 1, χ) (p λ = 3 2 ; χ 3 ≡ 1) lead to nondegenerate modular fusion algebras (cf. the proof of the Main theorem 3). From the other representations only those with p λ = 3 3 ; r = 1, 2; χ 3 ≡ 1 lead to modular fusion algebras (see Table 12 ).
Thirdly, consider the irreducible representations of SL(2, Z 2 λ ). All irreducible representations of dimension less than or equal to 4 have been considered in the Main theorems 1 to 3. The corresponding admissible representations with nondegenerate eigenvalues of ρ(T ) are contained in Table 12 .
For λ = 1, 2 all irreducible representations have dimension less then or equal to 3.
For λ = 3 we have to consider the representations of type R 0 3 (1, 3, χ 1 ) 1 and D 3 (χ) ± . The former representation does not lead to a modular fusion algebra but the representations D 3 (χ) ± lead to modular fusion algebras of type Z 2 ⊗ "(3, 4)". The corresponding modular fusion algebras are composite and therefore not contained in Table 12 .
For λ = 4 only the irreducible representations of type R 0 4 (r, t, χ) ± , R 2 4 (r, 3, χ 1 ) 1 and R 2 4 (r, t, χ) lead to modular fusion algebras. The first one leads to a fusion algebra of type "(3, 4)" (see Main theorem 2). The other two representations lead to composite modular fusion algebras. These fusion algebras are of type Z 2 ⊗"(3, 4)" and are not contained in Table 12 .
For λ = 5, 6 there are no irreducible representation of dimension less than 24 leading to modular fusion algebras (some of them correspond to "fermionic fusion algebras" of N = 1-Super-Virasoro minimal models which we do not discuss here).
Conclusions
In this paper we have classified all strongly-modular fusion algebras of dimension less than or equal to four and all nondegenerate strongly-modular fusion algebras of dimension less than 24. In order to obtain our results we have used the classification of the irreducible representations of the groups SL(2, Z p λ ). Not all modular fusion algebras in our classification show up in known RCFTs. However, all corresponding fusion algebras are realized in known RCFTs apart from the fusion algebra of type B 9 . This fusion algebra can formally be related to the Casimir W-algebra WB 2 at c = −24 and seems to be an analogue of the fusion algebra formally associated to the Virasoro algebra with central charge c = c(3, 9). 
The fact that we do not know examples of RCFTs for all of the modular fusion algebras in our classification can be understood as follows. The classification of the strongly-modular fusion algebras implies restrictions on the central charge and the conformal dimensions of possibly underlying RCFTs. In Table 13 we have collected the possible values of c and the h i for the simple strongly-modular fusion algebras of dimension less than or equal to four. Note, however, that these restrictions are not as strong as the ones in [20] for the two dimensional case or in [3] for the two and three dimensional case. A natural way to obtain stronger restrictions than the ones presented in Table 13 is to look whether there exist vector valued modular functions transforming under the corresponding representation of the modular group which have the correct pole order at i∞. This can be done using the methods developed in [9] and indeed leads to much stronger restrictions on c and the h i as we will discuss elsewhere. Of course, we expect that for any RCFT the corresponding characters are modular functions so that these stronger restrictions have to be valid explaining that our classification contains modular fusion algebras for which we do not know of any realization in RCFTs.
From our considerations it is clear that a complete classification of all simple non-which can probably be solved. Unfortunately, the methods used in this paper seem to be not sufficient for obtaining a complete classification of strongly-modular fusion algebras. For those strongly-modular fusion algebras which are not nondegenerate the corresponding representations of the modular group are in general reducible and therefore there is a lot freedom for possible choices of the distinguished basis in the representation space. In the main theorems we have shown how one can deal with this freedom in the case of two, three and four dimensional fusion algebras. However, we do not know a general method to overcome this problem for arbitrary dimensions so that new methods have to be developed.
Finally, we would like stress that the main assumption for obtaining our classifications, namely that fusion algebras are induced by representations of SL(2, Z N ), is valid for all known examples of rational conformal field theories. Nevertheless, the question whether all fusion algebras associated to RCFTs are strongly-modular is not yet answered. The explicit form of the representations which are not related by tensor products with B i or C j is given in Table A1 . The explicit form of the representations which are not related by tensor products where i = 1, 2, 3 and for p λ = 3 2 the character χ is a primitive character of order 3 or 6 (so there are 12 four dimensional irreducible level 3 2 representations).
The explicit form of the representations which are not related by tensor products with C j or B i is given in Table A3. 8. Appendix B: Fusion matrices and graphs of the nondegenerate strongly-modular fusion algebras of dimension less than 24
The fusion matrices N 1 which define the distinguished basis of the simple nondegenerate strongly-modular fusion algebras of dimension less than 24 are given by: 
The fusion graphs corresponding to the fusion matrices N 1 can be found in a seperate postscript file.
